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ABSTRACT

DENSITY PERTURBATION INDUCED BY RELATIVISTIC BODIES
IN SLIGHTLY-ECCENTRIC ORBITS

Mark Ivan Gabo Ugalino Adviser:
University of the Philippines (2018) Michael Francis Ian G Vega 11,
Ph.D.

We consider a massive perturber moving along slightly-eccentric orbits through
a collisional fluid in flat spacetime. We evaluate, via a frequency-domain calcula-
tion, the density perturbations induced by this massive perturber and reproduce
the characteristic spiral wave structure previously computed for circular orbits with
time-domain methods. This work serves as a precursor to a full calculation of the rel-
ativistic dynamical friction (DF) experienced by a perturber moving along a slightly-
eccentric orbit. Our slightly-eccentric analysis is restricted by three conditions: (a)
the perturbations are kept in linear order, (b) the weak-field region of the perturbed
Schwarzschild spacetime is approximated as a perturbed Minkowski background, and
(c) the fluid and the moving particle exist perpetually, ie. the perturbation was turned

on long before the system was observed.

PACS: 95.30.Lz - Hydrodynamics, 95.30.5f - Relativity and gravitation, 95.10.Eg -
Orbit determination and improvement
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Chapter 1

Introduction

1.1 Invitation

The interaction between a massive moving body with its gravitationally induced
wake gives rise to a momentum loss known as dynamical friction (DF). The analytic
theory of DF for a collisionless system was first formulated by Subrahmanyan Chan-
drasekhar in his seminal paper on the subject [1], the result of which has since been
verified in observed astronomical systems, and applied to numerical simulations over
the past several years. Its consequences have been instrumental in theoretically de-
scribing the sinking of orbiting satellites towards their parent galaxy [2, 3, 1], planet
migration [5], the growth of planetisimals [0], and the dynamical evolution of star
clusters near the galactic center [7, 8, 9], among many others. It was computed in
the Post-Newtonian approximation by Lee [10] for the same uniform and isotropic
system, and was later extended to a fully relativistic treatment by Petrich et al [11]
for a moving Schwarzschild black hole of mass M.

Although less well-known, DF also operates in a gaseous environment (i.e. colli-
sional systems). For bodies travelling in supersonic speeds, the drag force approaches
the same expression for the collisionless case. However, it was found that the drag
is absent in the subsonic case because of the upwind-downwind symmetry, in both
relativistic and non-relativistic formulations [11, 12]. It was not until the finite-time
analysis of Ostriker [13] for the straight-line case, and Kim & Kim [I1] for circular
orbits, that dynamical friction was characterized for both subsonic and supersonic
motion in collisional systems.

In most cases, a Newtonian treatment is enough to describe the behavior of an

astronomical system. However, in the limit where orbital velocities reach the speed



of light, such as the case for extreme-mass ratio inspirals (EMRIs) [15], a relativistic
extension is necessary to accurately describe the evolution of the system. FEnrico
Barausse laid the framework for the relativistic extension of DF in collisional systems
by using tools from general relativity [16], while closely following the methods used
by Ostriker, and Kim & Kim, that is by analyzing DF effects for straight-line motion
and circular orbits on flat spacetime.

In this introductory chapter, we set the stage with a survey of the past literature.
We revisit the DF theory of Chandrasekhar closely following the discussion by Binney
and Tremaine [I7]. An outline of the extension to the collisional case is presented
through a discussion of Ostriker and Kim & Kim’s findings and its implications in
both subsonic and supersonic regimes. This culminates in a review of what extreme-
mass ratio inspirals are and the relevance of DF in its dynamics. The organization of

this manuscript is presented by the end of this chapter.

1.2 Chandrasekhar’s dynamical friction and exten-
sions thereof

1.2.1 Collisionless systems: Chandrasekhar (1943)

A massive perturber, such as a star, moving through a homogeneous field of sur-
rounding stellar objects may experience velocity fluctuations due to the gravitational
pull of nearby field objects. Therefore, we can think of its motion as that of a body
that experiences velocity increments due to random directions. This would mean that
the motion of the perturber would satisfy the diffusion equation,

ow

where ¢ is the coefficient of diffusion, whose solution W deviates from a Maxwellian
distribution for large periods of time. Thus, this prescription implies that the system
is non-conservative, which does not agree with our physical considerations, that is our
system is adiabatic. Chandrasekhar argued that the diffusion equation must have a
missing term that is akin to that of the formalism applied by Uhlenbeck and Ornstein

[18] for Brownian motion. Thus, he added a decelerative component such that for a
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Figure 1.1: Gravitational interaction of a moving perturber of mass M to gravitating
field objects of mass m. The moving perturber experiences random velocity fluc-
tuations due to the gravitational pull of each field object that is distributed over
space.

short period of time At, the moving body experiences velocity increments Au,
Au = du — nuAt

where du is governed by the solution of Equation [1.1], and the latter term is the
acceleration opposite to the motion of the perturber and proportional to the mag-
nitude of its velocity u, and a coefficient of friction 7. Arguing that the stochastic
process that the perturber undergoes must tend to a Maxwellian distribution for large
times, due to energy conservation, therefore implies that any kind of perturber must
experience a gravitational drag, or dynamical friction [1].

One can proceed in solving for the dynamical friction effects on a perturber of
mass M moving through a homogeneous field of objects of individual mass m, by
treating each successive encounter as a two-body approximation, and add up all the
effects with all field objects that can be influenced by the gravitational potential of
the moving perturber. In other words, one can imagine this problem as a two-body

scattering system as shown below,
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Figure 1.2: An encounter between a massive object of mass M, and a field object of
mass m represented by the hyperbolic motion of a reduced particle of mass M + m
moving with speed V,, from infinity, with impact parameter b.

where 6 is the angle of deflection of the reduced particle from the original trajectory;
and, b is the length of the component of the separation vector between a field object
from infinity and a massive moving object, perpendicular to the initial velocity vector
of the field object, which is also known as the impact parameter.

The motion of the reduced particle in this approximation would then have induced
velocity increments opposite the trajectory of the perturber, which has transverse and

longitudinal components of the form [17],

2mbV3 pV !
|Avp | = GO+ m)? { + GQ(M+m)2] (1.2)
2mV, pve 7!
A _ o o 1.
S| = e |14 ] (1)

where V, is the velocity of the reduced particle. We imagine that this massive per-
turber is moving amongst an infinite homogeneous distribution of stellar field objects,
such that we consider the effect of each stellar encounter on the perturber. By effec-
tively ignoring the potential due to the homogeneous field of stars by invoking Jeans’
swindle [19], one can consider that only the perturber would have a gravitational
influence on the system. By invoking the planar symmetry of the system, the sum
over all contributions by each field object will have no transverse component, while
the longitudinal component adds up to a non-zero resultant given by an integration
of Avyyy over all possible values of b [17],

dUM

bma:c
—= =V, f(vm) Py, / | Avagy| 27 db.
dt UM 0
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which implies that it is as if there were an effective clump of matter behind the trajec-
tory of the moving perturber, inducing a gravitational drag that is DF. Evaluating the

integral over b, that is considering all possible configurations of stellar field objects,

gives us
dvas 2\ 2 3 Vm — VM
o b =2mIn(l + A*)G"m(M +m) f(v,,)d me (1.4)
where )
A = bmam‘/o
G(M + m)

While applying Coulomb’s algorithm, %ln(l + A?) ~ In A, and proceeding with
the analysis in the approximation that In A is constant, integrating Equation (1.4)
while assuming that the distribution of velocities is isotropic, yields Chandrasekhar’s

formula for dynamical friction,

dVM

el —167% In AG*m/(M + m)/ f(vm)vfndvaTM. (1.5)
0

M
This implies that to a certain level of accuracy the only field objects moving slower

than the perturber contribute to the change in velocity [1].

1.2.2 Collisional systems: Ostriker (1999) and Kim and Kim
(2007)

Collisionless and collisional systems in astrophysics

We have previously discussed Chandrasekhar’s formulation of dynamical friction
for collisionless systems, which is particularly useful in describing the dynamics of
stellar objects in the galactic scale. This treatment works because in this scale,
stellar populations, such as stellar clusters, weakly interact because gravity is a weak
long-range force. One can also observe that the collision cross-section between stellar
clusters are usually minute even for bulk configurations since separation distances
between stars are usually large, which implies that there is not enough time for any
interaction to occur. However, typical galaxies also have a gaseous component (i.e.
collisional) which motivates an extension of DF as a gaseous drag force. In this case,
we account for the interaction of gas particles in terms of collisions which affect the
evolution of the density function f(r,p,t) that tells us the probability for a particle
in a fluid to have a certain position r and momentum p in phase space. In a non-

equilibrium state, this density function evolves according to the Boltzmann equation



given by [20],

of p of (0f
ot +m Vit+E ap_ (at>collision

where for cases when the collision term on the right hand side is zero, as in collisionless
systems, it reduces to the Viasov equation [21], which implies that the flow of stellar
phase points through phase space is incompressible, or the density remains constant
around a certain phase point [22]. This means that pressure has a negligible effect on
the density of the fluid.

Accounting for these collisions would mean that we cannot model the interaction
of a perturber with a gaseous fluid in the same way as Chandrasekhar did because
we have assumed previously that only the perturber has gravitational influence on
the whole system. Therefore, one must take the effects of pressure into consideration
and use techniques from hydrodynamics to look into the effect of the presence of
a perturber in a collisional fluid; and, in turn, look at the influence of the density
perturbations induced on the perturber as a gaseous drag force, as we shall see in sub-
sequent chapters. This was done by Ostriker [13] in the Newtonian case by analyzing
the density perturbations induced by a gravitational potential on a collisional fluid

with speed of sound ¢, through a Green’s function analysis of the wave equation,

1 O«
VQOC — C_QW = —47Tf(X, t)

where « is the density perturbation function; and 2 f(x, t) is the mass density of the
fluid. This was obtained from linearized hydrodynamic equations describing an adia-
batic gas influenced by a gravitational potential ®,. The gravitational drag induced

by the density perturbation is then obtained by evaluating the volume integral,

a(t)s
FDF = 27TGMppO//deR Rm

which represents the interaction of the perturber and its induced wake. The following

sections present the results of Ostriker, for perturbers in straight line motion, and

Kim & Kim, for circular-orbit perturbers.

Ostriker (1999)

An extension to a case wherein the orbit is immersed on a collisional fluid was
worked out by Dokuchaev [23], Ruderman & Spiegel [21], Raphaeli & Saltpeter [12],

and Miller [25] in the heating and cooling of gas clouds in galactic encounters. Their
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findings imply that the gravitational drag is subdominant for cases wherein the per-
turber is at subsonic speed, because of the upwind and downwind symmetry of the
wake induced; whereas, the supersonic case yields a counterpart that resembles that
of the expression for the collisionless case.

However, with the time-depedent perturbation analysis presented by Ostriker [13],
it was observed that the dynamical friction, however small, is nonzero. A subsonic
perturber was observed to have induced a smoothly distributed elliptical density wake
envelope centered at the perturber’s position, with eccentricity e = M, where M is
the Mach number of the perturber. For a supersonic perturber, however, a density
wake is induced within a Mach cone behind its trajectory, which has a half-opening
angle § = arcsin (ﬁ) This implies that the Mach cone disappears as the perturber’s
speed approach the subsonic regime.

It was noted that as the speed approaches the supersonic regime, the DF experi-
enced by a moving body in a collisional system, approaches that of the collisionless
case. However, for some values of the Mach number about the range ~ 1.0 — 3.0, the
gaseous drag force has a stronger effect than its collisionless counterpart. Ostriker
pointed out that this behavior implies that objects which were once far from the cen-
tral mass can sink faster if they arrive at the gaseous regions before star formation,

which will populate the region with stars corresponding to a collisionless system.

Kim & Kim (2007)

Although it was believed that Ostriker’s result [13] exclusively works for the linear
motion case, it was shown that it can be extended to the circular orbit case by Kim
& Kim [11]. They were able to observe the density profiles of the fluid for different
values of M, and found out that for a perturber moving in subsonic speeds, the wake
is distributed smoothly; while for the supersonic case, the tail seems to have a very
sharp structure, signalling a sudden change, or a shock, in density near the perturber.
The density wake bends toward the shape of the orbit which makes the dynamical
friction effects asymmetric in its radial and azimuthal components. However, it is
the region near the perturber, in which the overdensity is greatest, that contributes
dominantly to the drag that it experiences due to the inverse-square nature of gravity.

The azimuthal component was found to be in agreement with the straight-line

case by Ostriker in the subsonic case and peaks steeply at the range M ~ 1.2 —1.4.

10



However, the radial component of the gaseous drag appears to be subdominant for
M < 1, and becomes greater than the azimuthal component only for increasing Mach

number from unity.

1.3 Relevance on extreme-mass-ratio inspirals

A compact object that gets caught by the gravitational influence of a much more
massive object, such as a supermassive black hole (SMBH), loses energy in the form of
gravitational wave (GW) emissions. These waves carry important information about
the internal and external geometry of the central mass [26]. In 2015, the first direct
detection of gravitational waves from a merger of a binary black hole system [27] began
a new era of space science, that is gravitational wave astronomy. However, with the
sensitivity of our ground-based detectors limited to observing systems with a total
mass of a few hundred solar masses, plans are underway to launch observatories into
space to detect GWs. The Laser Interferometer Space Antenna (LISA) is expected
to have a sensitivity in the millihertz range which corresponds to a system with a
total mass of 10* — 107 solar masses [28]. The main source of gravitational wave
detections of LISA will be massive black holes (MBH) in the galactic center, which
is usually surrounded by stellar clusters, being a hotbed of star formation according
to observation [29]. The capture of these stellar clusters by the MBHs, otherwise
known as extreme-mass ratio inspirals (EMRI), is dominantly driven by the emission
of GWs. The deviations of observed GW waveforms from the prediction of general
relativity can give us an idea about the property of the medium in its surroundings,
which usually affects the evolution of the orbit by accretion [30] or by dynamical
friction [11, 31].

The possibility of probing the matter surrounding an EMRI was motivated by
a series of papers of Chakrabarti, where it was shown that for extreme cases, the
hydrodynamic interaction of an orbiting satellite with a supermassive black hole may
force it to follow a stable orbit configuration. However, even below the extreme
case posed by Chakrabarti, a significant distortion of the waveform templates can
be induced. Narayan explored the possible strength of the hydrodynamic effect of a
typical galactic nuclei environment on the orbit by estimating the torque exerted on
an orbiting star due to the hydrodynamic interaction with the accretion disk via an

advection-dominated flow (ADAF) [32]. He argued that majority of the inspiral events
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Figure 1.3: Detection techniques for events in space based on their frequency range.
Compact objects captured by supermassive black holes (i.e. EMRIs) fall within a
range that is not accessible to terrestrial detectors such as that of the observatories
of the LIGO Collaboration. This prompts a space-based scheme in the form of the
European Space Agency’s Laser Interferometer Space Antenna (LISA) that is set to
launch in 2034. Image downloaded from https://lisa.nasa.gov/ in May 2018.

that LISA might detect will be unaffected by dynamical friction since the averaged
number density of quasars, and the local number density of Seyfert galaxies, although
numerous, are very low [32, 33, 34]. Further, since most observations on SMBH
with sub-Eddington accretion are better explained by the ADAF model [35, 36, 37],
Narayan mentioned that even if there were a thin disk around the SMBH, which
is another self-consistent accretion flow solution [3%], it will have been thousands
of gravitational radius, R,, away from the central black hole, thus subdominantly
contributing any hydrodynamic drag on the orbiting satellite which is located within
10 R, for gravitational wave experiments.

However, from a theoretical standpoint, Barausse pointed out that a study on the
hydrodynamic drag induced for an EMRI is still worth considering for highly dense

environments. For the case when the satellite crosses an accretion disk surrounding
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the central mass, an effective hydrodynamic drag may lead the satellite away from
the predicted orbit. This was carried out by Subr and Karas, in a series of papers
using both Newtonian and post-Newtonian analysis [39, 40], where they found out
that, for thin disks, the disk-satellite interaction is dominant in EMRIs compared
to that of the radiation reaction [11]. However, the first fully relativistic treatment
for the interaction of an EMRI and an accretion disk was done by Barausse in Kerr
spacetime. He found out that for cases when dynamical friction initially dominates
over radiation reaction, the effect decays rapidly as it moves into the very-strong field
region of the EMRI, thus proving it to be negligible in the later part of the inspiral
[42].

While for most cases an astrophysical orbit may be approximated to be circular,
studies on EMRIs usually deal with eccentric orbits [15, 43], which has not been
attempted before for dynamical friction. This motivates the analysis of DF effects for
a fully eccentric orbit. This study makes the first steps towards such a calculation.

Instead of fully-eccentric orbits, we study orbits of small eccentricity.

1.4 Goals and delimitations

In this study, we formulate an analytic expression for the density wake induced
by slightly eccentric immersed in tenuous fluid, by doing a perturbation analysis on
the circular orbit case presented in Ref [16]. Density profiles for different velocity
regimes (i.e. subsonic, transonic, and supersonic) are presented to observe the effect
of the small eccentricity of the orbit on the density wakes formed by the perturber.
Expressions for the metric perturbation are also derived to serve as a preliminary step
to a complete calculation of the dynamical friction effects due to slightly eccentric
orbits in collisional fluid.

We leave the calculation of dynamical friction for a slightly eccentric case for

future work.

1.5 Outline of this manuscript

Through our previous discussion, we can now make sense of the problem that we
wish to explore. The concept of dynamical friction gives us an idea as to how a ho-

mogeneous field of objects of a certain mass would affect a passing massive perturber.
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Extending this to the relativistic case for slightly-eccentric orbits in collisional fluid
may provide some insights about the behavior of EMRIs in highly dense gaseous
environments like active galatic nuclei and Seyfert galaxies. A first step would be
to explore the interaction of the moving body with its gaseous environment, which
brings about a momentum loss.

In the next chapter, we discuss the relativistic extension by Barausse for calcu-
lating the dynamical friction effects in straight-line and circular particle orbits in the
relativistic regime (Chapter 2). This serves as a main take-off point that we shall
frequently return to in subsequent discussions.

Then, we propose an alternate way for solving the density perturbations over
all space due to a perturber in a slightly eccentric orbit. We adopt techniques first
employed in self-force calculations by Diaz-Rivera et al [11], and Apostolatos et al
[15]. (Chapter 3)

Lastly, we generalize our findings and determine the significance of the perturba-
tion introduced in the particle orbit in the context of Barausse’s work. Future work
on this topic is discussed. Possible extensions to this slightly-eccentric analysis are

also presented. (Chapter 4)
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Chapter 2

Barausse’s relativistic extension to
dynamical friction

In this chapter, we explore the mathematical preliminaries, and the methods em-
ployed by Barausse [16] to obtain the expression that describes the effect of dynamical
friction on objects moving through a collisional system in flat spacetime.

Throughout the rest of this manuscript, we used units in which G = ¢ = 1. This

presentation of Barausse’s results is faithful to the notation that he used in Ref [10].

2.1 Mathematical preliminaries

2.1.1 Metric and the stress-energy tensor

It is shown in the literature [10] that the metric of a flat spacetime with a perturber
of mass M, moving through a perfect fluid at rest with density p and pressure p, can
be written as a Minkowski background plus some perturbations, which has a general

form,
d3® = gdaidr” = —(1 4 2¢)dt* + 2w,dz’dt + [0;;(1 — 2¢) + xi5]da’dz?  (2.1)

where ¢ and 1 are the perturbations to the metric. The three-vector component
of the metric, w;, can be decomposed into its transverse (curl-free) and longitudinal

(divergence-free) parts, such that

W; = &w” + CdiL, &wL =0 (22)

(2

and the traceless three-tensor x;; can be split into a trace part, a transverse part, and

a longitudinal part, such that,
Xis = DipX + 0axiy + x5, O =9, =xT =0 (2.3)
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where

1 .
Dij = 8183 - §5Z-j, VQ = 6”81@

In the same manner, the stress-energy tensor that corresponds to Equation (2.1)

can be decomposed into
Ty datde” = Tydt? + 2(9;S! + S+)dtda’
+ g(szj + DSl + 0355 + 5 | da'da? (2.4)
where
IS =05 =95, =x/"=0

However, in order to closely follow the methods used by Ostriker and Kim & Kim,
the Poisson gauge [47] (Q;w!l = 9;x¥) was chosen in Ref [10], such that in this gauge,

the metric has the form,
d5® = —(1 + 2¢)dt* + 2w;-da’dt + [6;;(1 — 2¢) + x,;]dz’da’ (2.5)

which gives a set of linearized Einstein equations relating the metric perturbations to

the source terms:

V) = 47Ty, (2.6)

O = 4| (2.7)

Vit = —16mS+ (2.8)
V3¢ = dn(Ty +T) — 307 (2.9)
Y — ¢ = 8yl (2.10)

Ojwi = —81 %7 (2.11)

Ox;; = — 1675 (2.12)

where O = 1*¥0,,0,.

It is important to note that Barausse’s perturbation analysis relies on two intrinsic

error terms €1 and e that are induced by the presence of the fluid, e ~ O <7€>,

M

Tmin

and the moving perturber, e ~ O ( ), where L is the characteristic size of the
medium surrounding the orbit, A; is the generalized Jeans’ length, which corresponds
to the critical size of the medium before it gravitationally collapse. The cutoff radius

Tmin Was introduced so as to keep the expansion €5 from diverging. The gravitational
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interaction of the field produced by the perturber and the fluid, gives rise to accretion
onto the perturber, which also contributes to the drag and was already calculated for
a Schwarzschild black hole moving through a homogeneous field of particles [11]. The
gravitational interaction of the perturber to its own field, known as self-force, does
not interfere with the effects of accretion onto the perturber and can be calculated

separately [15].

2.1.2 Contribution of the perturber and the fluid

Ref [16] treats the contribution of the presence of the fluid from that of the perturber
separately. The stress-energy tensor 7, was presented in terms of the individual

contributions of the fluid and the perturber,
fluid
T = T+ T

where T’ 3,}1‘1 and Tfﬁ” represent the perturbed perfect fluid and, the moving perturber
of mass M, respectively.
The stress-energy tensor of the fluid is given by a perturbed perfect fluid prescrip-
tion,
T = (5 + )ity + Py (2.13)
where g, is the metric in Poisson gauge, and the perturbed energy density, pressure,

and four-velocity are defined as,

p=p+op, Pp=p+dp (2.14)

where dp and dp are small perturbations to the density and pressure respectively. The
equation for @, is implied by the normalization condition, g,,u"%” = —1, while the
equation for u; came from the initial condition that the perfect fluid is at rest at the
initial position of the perturber.

On the other hand, the stress-energy tensor prescribed for the point-mass per-

turber (see Ref [18], Equation 490) has the form

,&pertapert
Thr(x, 1) = M—+—Zee 6% [x — Kperi] (2.16)
upert _det(g>

pert

bert are the perturbed trajectory and four-velocity, respectively.

where Xpery and @

Expanding both quantities in terms of their unperturbed counterparts, while keeping
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in mind that the stress-energy tensor is intrinsically first-order because of the factor
M = reqg, and considering that, det(§) = —(1 4+ 2¢ — 6¢) ~ —1 + O(ey,¢9), the
previous equation was written in a rather manageable form [10]

pert, pert
Uy,

pert _ [
T (x,t) = M————
upert

0 [x — Xpert (2.17)

2.1.3 Obtaining the wave equation

It is expected that the total energy and baryon density of the system will still be
conserved even after perturbations have been introduced to the system. Therefore,
the continuity equation for a fluid, and the Euler equation must still hold in this case.

Perturbing the the continuity equation,
O/ —det(g)na] =0

for a homogeneous background, where n = n + dn, the perturbed number density,
on

yields an equation involving the density perturbation °*,
0 = 0,/ —det(g)na"|
1 1
= —§8u[det(§)][—det(g)]’fﬁﬁ“ + +/—det(g)a"0,n + / —det(g)no,u"
By dropping the second order terms, we are left with,
1
0= —5@ [det(g)|nu* + u*d,n + no,u"
. on o -
= (00 — 30, )nat + a0, (7) + no,u"

= — (010 — 30:)(1 + )i — (1 + ¢)0; (%) — 109

+ (0;¢ — 301 (0u') 7 — du'O; (%) + R0;0u’
=9, <%n) + O;0u" — 30,1 (2.18)

On the other hand, perturbing the Euler equation,

(p+p)

I
@
=
+
=g
=
=g
S~—
!
bl
Il

= h + dh (perturbed specific enthalpy)

>
!
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yields [16],
. )
O,0u’ + 0;¢ + Oywi- + 20, (%) =0 (2.19)
where ¢, is the speed of sound in the fluid. Combining the gradient of Equation

(2.19),

. 4 )
0= 9;0,0u’ + V?¢ + 9'Oyw;- + 2V? (Fn)
i 2 22 [ON i L
= 0;0,0u' + V¢ + c;V — (O'w; =0)
where V2 = 9'9;, and the time derivative of Equation (2.18),

gives us a differential wave equation for the density perturbation function %”
2 oo [ON 2 2
(0 — V) | — | =30;¢ — V<o =0. (2.20)
n

Substituting the linearized Einstein relation (2.9) to Equation (2.20) yields the wave

equation in terms of the stress-energy of the sources,

(0} — 2V?) (5—”> =dn(Ty +T) (2.21)

n

which provides us with a clear picture of the relationship between the induced over-
densities over all space and the presence of the fluid and the moving perturber. In
the next section, we provide an outline of the application of this wave equation in the

circular motion case studied by Barausse, which is the main interest of this study.

2.2 Perturbations induced for circular orbits

2.2.1 Baryon density perturbation

We consider a perturber moving along a circular orbit of radius R, with angular

frequency (2, such that its unperturbed four-velocity is given by,

u“ 0 :’Y(&t—f—Qag)

pert (9x“

This trajectory cannot be maintained by purely gravitational forces in a flat spacetime

background. Therefore, Barausse argued that for circular motion, the background
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spacetime must be necessarily curved, that is the spacetime should have a central
Schwarzschild singularity immersed in a tenuous fluid at rest. Although physically
inconsistent, the same metric as Equation (2.5) can be applied in the weak-field re-
gion of the spacetime, while neglecting the correction terms of order (MR—T> due to
the central singularity, where Mpp is the mass of the singularity, and R, is the grav-
itational radius. Note that only for cases when R is close to Mgy can the perturber
achieve relativistic speeds. Also, Barausse pointed out that this analysis still works
out for dynamical friction by approximating the effect of the overdensities on the per-
turber to be restricted in its proximity, thus providing a good reason to work with the

perturbed flat spacetime prescription as before. Proceeding with these assumptions,

Equation (2.21) can then be rewritten in cylindrical coordinates (r, 0, z) as,

5(r — R)S(0 — Qt)5(2)H(t) (2.22)

or -ty (1) = A0
t s -

n T

on
+ 4r[p(1 + 2¢) + 3p(1 — 2¢)] + 47 (1 4 3¢ (p + p);
It was argued, however, that the latter expressions contribute error terms of order
€1 due to the fact that a constant energy density and pressure, together with a flat
spacetime background is not a solution to Einstein’s equations, and of order £ ; ~ ,/e7,
which is due to the Yukawa-like terms that arise from the contribution of the perturber

on the 8p(¢+3p) term. In this approximation, the solution for [2.22] may be written

as,
on MAy(1 +v?) L
where the weight function D(x,t) is presented in Ref [I1]. We emphasize that the

main goal of this study is to obtain an equivalent expression for Equation (2.23) in

the slightly eccentric case.

2.2.2 Metric perturbations

The metric perturbation dg,, in Equation (3.50) consist of a part contributed by the

fluid

o and by the moving perturber, o gPert Substituting this to

Qv

presence of the fluid, dg

the Einstein field equation and splitting them according to each contribution yields

[16],
Vprert _ 87Tp¢pert + 47TT£ert (224)

20



on

VI = d | p+ 200" + (p+ p)— (2.25)
et — gt — gyl (2.26)
¢ﬂuid . ¢ﬂuid =0 (227)
Substituting Equation (2.26) to Equation (2.24), gives us
V2Pt = 8rp(yPert — 8% ) + AT TE™ (2.28)
(V2 = 8mp)yPe" = dm(TF™ — 167pE).r) (2.29)
which, by using the Green’s function of the Yukawa operator (V2 + u?),
exp(—pu[x|)
G(r) = ————+
(z) 47 |x|
has a solution of the form
, —/Srplx — X
i) = [ @SR e o)) a0)
X —X

whose gradient, as Barausse argues, contributes to the drag a term of order O(pM?)
which corresponds to the accretion onto the perturber.
We shift our focus to the contributions of the fluid on the drag. Doing the same

procedure for the fluid contribution, gives a solution for the metric perturbation 1)1,

o) = = [ XD [y Mo ] o

whose derivative with respect to x gives

x —x)-0x

(0 = — [t o oD 0] (1 o) 232

|x — x/|3
where evykawa 1S the error term due to the expansion of the Yukawa potential. Note
that this expression effectively has two contributing terms, one of which does not
correspond to the effects of dynamical friction due to the induced overdensities. Then,
the expression effectively reduces to,

(x —x')-Oix

o, 1) = ~(p+p) [ T, )
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2.2.3 Metric perturbations in ¢, r, ¢, and z

Ref [10] evaluated the gradient of the metric perturbation due to each coordinate. We
must recall that due to the symmetry of the system in the z-direction, the dynamical

friction due to z has no resultant effect,
0.9™M = ¢, ipr. (2.34)

On the other hand, the azimuthal and time gradients are given by,

B at,l?bﬂuid - at¢ﬂUid

fluid — fluid — _ 5
Og1p Oy Q 3 (2.35)
Ar(p + p)My(1 +v*)R
B 02 Iy x [1+ O(L/A))] (2.36)
where the weight function Iy is given by,
M D(x/,t = 6/Q)#' sin(6' — 6)
Iy=—" | &F ’ 2.37
0 AT / €z [14 22 4+ #2 — 2/ cos(f — 9/>]3/2 ( )

where the hat corresponds to a change of variables that is scaled to the radius of

the perturber R, #’ = %. In the same manner, the radial gradient of the metric

perturbation has the form,

d(p+ p) M~ (1 +v*)R
02

Opptid = 9 pMid = I x [1+O(L/\))] (2.38)

where [, is given by,

J—

M? /d?’j’D(X,’t =0/Q)[ cos(¢' —0) — 1]

I 2.39
4w [1+ 272 + 72 — 27 cos(f — 0")]3/2 (2.39)

2.3 Summary and some remarks

Through a suitable choice of gauge, Barausse was able to provide a relativistic ex-
pression for the dynamical friction effects for a perturber in straight-line and circular
motion by performing a linear perturbation on flat spacetime. Although inconsistent
with physical considerations (that is, only straight-line motion can be maintained in
flat spacetime), he was able to produce a description of the induced density wake akin
to that of Kim & Kim, with a relativistic factor, which implies that the same but
amplified effect on the fluid’s density profile holds in the relativistic regime.
However, we should carefully note that this may not apply for a very massive

perturber, where the linear perturbation analysis of Ostriker [13] and Kim & Kim
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[14] may not apply. In another paper by Kim on the nonlinear effects of dynamical
friction on very massive perturbers [19], the dynamical friction effects for a supersonic
perturber was observed to be greater than its linear counterpart. For highly nonlinear
cases, the drag force experienced by the perturber would be less than that of the linear
case, which implies that the the process of dynamical friction would take longer than
in the linear case. In this work, we restrict ourselves purely to the linear regime

following the procedure done by Refs [13, 14, 16].
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Chapter 3

Determining the density

perturbation function %”

In the previous section, we explored the methods used by Barausse in solving for
the DF effects on straight-line and circular orbits in a collisional fluid. It was observed
that the results of Ref [13] and [14] still hold for velocities approaching the speed of
light, given that a relativistic multiplicative factor is included in the expression, and
that the rest-mass density is replaced with the pressure and energy density of the
fluid [16].

However, knowing that studies on extreme-mass ratio inspirals often deal with ec-
centric orbits, an extension of Barausse’s work to the slightly eccentric case may be of
use in refining our understanding of DF on the evolution of EMRIs. In the remaining
chapters of this manuscript, we present a purely analytic method for computing the
perturbations induced by slightly eccentric orbits, thereby extending the previously
presented methods by Barausse.

In this chapter, we propose an alternate method for solving for the density per-
turbation in the fluid, due to presence of a moving perturber. It is likewise assumed
in this study that the use of a flat spactime background with some perturbations is
apt in approximating the dynamics of circular orbits in a weakly-curved spacetime.
We are aware that this is physically inconsistent because only straight line motion is
allowed for particles set into motion by purely gravitational forces in a flat spacetime
background. However, as discussed earlier, we can approximate the weak-field region
of a perturbed Schwarzschild background as a perturbed Minkowski background, by
neglecting errors of order (MR—BQH> . The particle and the fluid are also assumed to
exist perpetually, that is we are already considering the steady-state behavior of the
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density wake for all cases. Also, we have limited our perturbation analysis to a linear

order in 0 R.

3.1 Source decomposition for slightly eccentric or-
bits

We have previously encountered the wave equation for the density perturbation over
all space, due to a perturber of mass M, moving along a circular orbit of radius R.

To solve the wave equation for a slightly eccentric source, we adopt tehcniques first

introduced by the self-force calculations of Apostolatos et al [15], and Diaz-Rivera et
al [11]. In spherical coordinates, the wave equation is given by
on  ArM~y(1 +v?) T
2 _ 2yt - o(r = () (0 5) 80 - ot 1
@ - vt = TR s Rits (0- 7)) d0 - a())  (3)

where v = Q,r,, and in which R(¢) and ®(t) may be expanded in powers of a small

parameter 0 R,

R(t) = r, + dRcos(,t) + O(6R?) (3.2)
B dQ2s 0R 2
O(t) = Qut + iR sin(2,t) + O(JR?) (3.3)

where €2, and (), are the fundamental frequencies of radial and angular motion,
respectively. The rate of change of the angular frequency with respect to a change in

the radius is given by,
dQy 2

=——0 3.4
dR ~ 1y © (3.4)
while the angular frequency is given by the time derivative of ®(t)
do dQy
Qy=—=0+— Q
0= g ot R OR cos(§2,1)
2 Q
_q, (1 _ 20R cos( rt))
To

The next steps of the calculation require that we substitute these expressions to
Equation (3.1) and expand (r — R(t)) about (r —1,), and (¢ — ®(t)) about (¢ —Q,t),

thereby introducing derivatives of radial and azimuthal delta functions,

5(r — R(t)) = 6(r — 1o — SR cos(t))

=0
~0(r—r,) — dRcos(,1)0 (r —r,)

dR €,

~ 0(d — Qot) — Z—%?}—R sin(Q,4)d" (¢ — Qut)

p—D(t) =9 (qﬁ — Q,t — &Yy 0Rk sin(Qrt))
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while performing a spherical harmonic decomposition of the source, which includes

an integration by parts on ¢,

Pim = j{ PY (0, ¢)d$2
= § {21+ 3t - B3 (0~ T) 806~ 0(0) } Vi 6,010

= M (L+ )5l — R) § 3 (6~ ) 66— BV 0. 0000
= M~(1+v*)d(r — R(t))

dQ2y 0
# [0 0.0 - TS sm@nnso—an] i, (5.0) a0

= M~(1+v*)d(r — R(t))

{K;(%,QJ>——Mﬂﬁ%(%,ﬁﬁ)%%?%@gnﬁbﬂ}

= My(L+0)Y, (5.t
[6(r —ro) — dRcos(Q,)d' (r — ro)] [1 — zm%% sin(Qrt)}
We can express the previously obtained decomposition of p in terms of exponential
functions in order to reveal a frequency spectrum in terms of the harmonics of wy, =
mS,, alongside two other sidebands at frequencies, w: = mg, 4 Q..

Pim = M~(1+0*)Y}, (g, 0) e imiot

[5(7“ —Ty) — 57}%(6“” + e ) (r — TO)} [1 — mdg%%(em” — 7ty
_ M’y(l + UQ)}/ljn (g’ O> e—iont |:5(7" o To) . 57R(€iﬂrt + e_iQTt)é/(T o To)

* m —im

= [Ma(1+ )5, (5,0) 60 = 1) e
OR o (T
=5 [+ (5.0)]
{5'(7” — 7o) +md(r — ro)%%] g~ HmSlo— )t
O0R
-5 [+ vy (50)]
|:5,<T — To) - m5(T — TO)CZ_(;;QL} €_i(mQO+QT)t

+ O(0R?)
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Substituting Equation (3.4) to the previous expression gives us a source decom-

position in terms of the angular frequency and orbital radius r,,

Plm = [Mv(l +0?)Y], (g) 0> S(r — 7“0)} oot
a 57 [M7(1 +0*)Y, (g 0)} ly(r — 7o) —mé(r — ra)%g_‘f] et o
-5 e (3.0)] {5'@» 7+ md(r - m;%} im0 1

which yields a source decomposition in terms of the fundamental frequencies of the

orbit,
P=D 3 P Yim(6,¢)
w Im
where [ =0, ...,i, m = —1,...,[, and w = {w?, wE, Wi}

3.2 Solving the wave equation

We proceed in solving the wave equation by performing separation of variables in

spherical coordinates, where

My = v = 3 303 W ()e Vi (0. 9)

n
W=Wo,w+ =0 m=—1

which, by substituting back to the wave equation, yields a purely radial equation for

each [ mode at a frequency w,

0% — A2 ig 2£ +#8_2+;2 gi qbﬁ
t— % \2g- \" or r2sin® ¢ 002 r2sin¢g 0o 1n 0¢
(Wi (r)e ™ Y (6, 6)]
= dmp, e Yim(9, 9)

) 2 —z’thm Ai dQ\I’w
\I];Jm}/zme—zwt(_WQ) _ Cs€ l |:2T’ Im + 7,,2 lm:|

r2 dr dr?
~ (141
— ngﬂlf-}me—zwt (_ ( —Z )Yim)
T
= dmppe Y (6, ¢)
2y 24wy w\> 1(1+1) A pl
m = m - o PY — — Im .
dr? + r dr + ((cs) 72 tm 2 (3.6)
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We can also decompose our wavefunction solution in the same manner as we did for

the source,

U(r,t) = (Uf,e ™ + 6Rx,e ™ + 0Rx,,e ") Vim(0,0)  (3.7)

1m
such that for each [ mode, we obtain three second-order ordinary differential equations
involving each of the frequencies.

In order to solve these differential equations, one must first solve the homogeneous
case, then completely determine all remaining degrees of freedom by imposing regu-
larity conditions and jump conditions due to the source. There are two regular points
at r = 0 and at infinity, respectively. We must impose regularity at the origin, and
expect that, at infinity, the solution approaches a outward going plane wave behavior
that decays by % We discuss the solution for each frequency separately, and deal

with the whole solution by the end of this section.

3.2.1 Continuity and jump conditions

This subsection is a mathematical aside that presents an outline of the jump condi-
tions at the boundary, r = r,, that the wavefunction solution must satisfy.

We must first write the solution of our wave equation ¥ in the form,
U=V _0O(r—r,)+¥Y,0(r,—1) (3.8)

where © is the Heaviside distribution, which manifestly tells us that W, and ¥,
are the solutions inside and outside the orbital radius, respectively. Feeding Equa-
tion (3.8) to our radial differential equation yields an expression involving the delta
function d(r) and its derivative,

4 d2v,  d*v_ 2 (d¥, d¥_
——m —Q(r —r, — Z - -
c? (r=r ){ ( dr? dr? * r \ dr dr
2

+ (%)2 l(l%l) (m-m)}
d

+ o — ) {2 (dif - %) +I, - xp)}
S — ) (U — W) (3.9)

which, in order to obtain the jump conditions, must be matched with the source terms

that we have previously computed.
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Case 1: w=w,

The source term due to the main frequency, from (3.5), is given by

™
p;dnol = M’Y(l + UZ) l::n, (Ea 0) 5(T - To)- (310)

Plugging (3.10) into (3.9) yields a set of equations involving the relationship between

the solutions inside and outside the orbital radius, and its derivatives,
(\I’?m,—l— - \Ijlom,—) =0
e (3.11)

dvp, . dvp, _27rM7(1+v2)Y,:n(g,0)
dr dr c2

To
which serve as our jump conditions for the solution of our wave equation for the main
frequency. The jump conditions imply that the main frequency solution must be
continuous at the boundary, but the derivatives from inside and outside the radius

must not agree with each other.

Case 2: w = w4

The source term due to the sideband frequencies is given by,

" SR .
pe = = [My(+ )i (

T o)} [5’(7« — 7)) £mé(r — ro)z%} (3.12)

2 o {2

Doing the same procedure as the first case, we obtain the relationship between the

solutions inside and outside the orbital radius, and its derivatives,

2r M~y (1+v2)Yy: (2,0
(Xl:En,—i—_X?;n,—)‘r = cg l (2 )

o
dx?;n7+ B Xm:En’_ . _27rM—y(1+v2)Yljn<g,0) 1+ m&
dr dr Qr

- ToC2
and find out that the introduction of the derivative of a delta function §'(r), being

(3.13)

To

more singular than just a delta function, as a source term imposes a discontinuity
in both the wavefunction solutions inside and outside the orbital radius, and their

derivatives.

3.2.2 Solving the wave equation for w,

Our solution for the wave equation involving w, is divided for cases when [, m = 0,
Il #0,m =0, and [,m # 0. Solutions involving m = 0 correspond to a static case,

which is fundamentally different from the problem when m # 0.
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Casel:[,m=0

For the case when [, m = 0, our wave equation assumes the form,

vy, 2dVp,  dmppn

dr? r dr c?

which, in the homogeneous case, has a general solution inside and outside the orbital

radius,

A
o _ —?—FB, <7,
im —%+D, >,

In order for the solution to be defined at » = 0, we must impose the condition that
A = 0. At infinity, we expect the wavefunction to vanish, thus prompting us to impose
the condition that D = 0. This leaves us with two remaining degrees of freedom to
determine by imposing the continuity and jump conditions. The continuity of the

wavefunction at the boundary implies that
Coo = —Booro (3.14)

while the jump condition for this case is given by,

2 Mr2y(1+v?)Yg, (%,0)

bR

Coo 2r M~ (1 + v*)Yg, (g,O) Lol -

2 2 2
TO CS CS

(3.15)

Substituting Equation (3.15) to Equation (3.14) gives us an expression for B,

2 Mryy(1 +v3)Ye (5,0)

By = — >
CS

(3.16)

Case2:[#0, m=0

For cases when [ # 0, m = 0, our wave equation assumes the form

d>wy N 2dwp, W+, 4mpp,

dr? r dr r2 tm 2
which has a general solution of the form,
o [ Art4 B+, r< T,
tm =1 Crl + Dr~+D), r>r,

Imposing regularity at » = 0 yields the condition that B = 0. For the solution
not to diverge at infinity, C' = 0. This leaves us with A and D to determine through

the continuity and jump conditions. The continuity condition implies that
Dl = Aﬂ“gl—H (317)
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while the jump condition yields,

2r My(1 +v?)Y;5 (5,0)

2
Cs

— (I + 1Dyt — 1A = — (3.18)

Substituting Equation (3.17) to Equation(3.18) gives us an expression for A; and
Dl7

1 2rM~y(1 + vV (Z,0)
A= 2 1
= @] (319)
rl ] 2rMAy (1 +0?)Y (3,0)
D, = 0 22 3.20
: {(21+1)] 2 (3:20)

Case 3: [,m#0

In cases when both [ and m are non-zero, the wave equation has a general solution that
is a combination of spherical Bessel functions of the first and second kind, j; and n,
inside, and spherical Hankel functions of the first and second kind, hl(l) and hz(2)

outside,

oo Ajl(—m )+ Bnl(%r) r<r,
B C’h (wm )+ Dhl(z)(%r) r>r,

For the solution to be regular at » = 0, B = 0 because the Neumann function
diverges at zero. We expect that at infinity, the wavefunction behaves as an outgoing
plane wave that decays by 1/r, which implies that D = 0 because the spherical Hankel
function of the second kind represents ingoing plane waves. Again, this leaves us with
A and C to determine through the continuity and jump conditions. The continuity

condition yields a relationship between A and C' of the form,
]l ( gnro>
Cim = A (3.21)

o ——Z_
hl (Zro)
while the jump condition yields

Clm {02, AL A w2\ T , j
{% (C_5> [(h —1 hl+1) ;,0 - % < cs ) l(]l—l — Ji41) — r_j

2
Cs
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where h‘l(i)l’ hl(i)l, hl(l), Ji—1,Ji+1, and j; are evaluated at r = r,. Substituting Equation

(3.21) to Equation (3.22), completely determines the remaining constants

1 1 .
hl(—)l - hl(—l—)l i — Ji
h o

_ % {(jz—l — Ji1) — ii} }

o

) _
Cd;)nM hl—l - hl—f—l . . .
= Am =5 [( e Ji = (et = Jir)

_2wM7(1+U2)yl;; (Z,0) B (w_m) {Alm

c? Cs 2

 —2nMy (1 + )Yy, (5.0) _ —2eMy(1+ )Yy (3.0)

Alm - ° ) Clm - ° (323)
Jin (7o) 9im (T0)
where
(1) (1)

° . wfnv h‘l—l - h‘l—l—l . . .

Jom(ro) = M [( hz(l) Ji— (i1 = Jir1) .
0 Wiy U Ji-1 = Ji+1 1 1 1

dintr) = 5o | (222 W - )] | e

and M is the Mach number of the perturber, which is taken to be the ratio between the
velocity of the perturber and the speed of sound in the fluid (./\/l = f) . Recasting our
expressions to a form where the Mach number manifest is important in our analysis

since we are dealing with collisional fluids.

+

3.2.3 Solving the wave equation for w_,

Since we are solving the same wave equation for the sidebands as the third case for
w,, the solution that we have previously acquired also applies for the rest of the
frequencies. The only difference between the solutions is the jump condition that
they must satisfy. Proceeding in the same manner as in the third case for w,, we
obtain solutions for w* of the form,
+ ; (wih
Cih (C—’S”r) r>T,
The jump condition for the wavefunction solutions for the sideband frequencies gives

us an expression for Cljfn in terms of Aﬁn,

. wE
2r M~ (1 +v)Y:, (5,0 Ji (mr>
cghl( ) (—"Zmro) hz( ) (—“é’"ro)
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while the jump condition for the derivatives yields,

CE (w . oo BV AR fwENT . i
e (55 o= =] 2 () [ a0 -2]

_ 2rMy(1+0?)Yy (5.0) <1im&> (3.26)
o) 6

r

ToC?

By substituting (3.25) to (3.26), we obtain an expression for the coefficients of the

form,
2 M~ (1 +v?)YyE (Z,0
AF = > im (5 )fljfn(ro) (3.27)
2 M~ (1 +v?)YyE, (Z,0
= > im (3 )gljfn (r5) (3.28)
where
s M 0
N (1 + 2m8—j> + ué—’: <_l_;ll(1)l+1) .
flm(TO) = (1) (1)
wao | (TP ) GG g
2M A Ju = Ji=1 = Ji+1 .y
+ [0 _pm
, (14 2mge) + < (—lgl)l“) |
Gin(70) = N T I T 0 i
nY () gk (A0 - wi) = mP e |

3.2.4 In Brief

In summary, we were able to solve Equation (3.1) by means of separation of variables,
through a spherical decomposition of the source that revealed an explicit discontinuity
in the radial component of the solution due the sideband frequency contributions due

to its very singular nature. The following jump conditions were obtained

(\Ilgm,—i— - \Ijz)m,—) . =0

d‘IlfmﬂL _ d\Il;’m77
dr dr

2r My(14v2)Yy%, (3.0)

2rMy(14+0?)Y;5, (5.0)

c3

To

(it = Xion.—) )

+ +
dxlm,+ _ dxlm,—
dr dr

by writing the solution in the form,

2
Cs

2r My (14+02)Yy5, (%,0) Q,
= 220 (1)

— ToC2

To

UV=U_0O(,—7r)+V, 00 —r,
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feeding it back to the wave equation, and matching the coefficients of the delta func-
tion and its derivative with their counterparts in the source terms. These jump

conditions yield the coefficients in the solutions inside and outside the orbital radius,

Win(X, 1) = W0, _ + X+ Xi
. w?’l —'LLU
= Z Alm]l ( cs T) t}/lm + ZAm.]l <

+ Z Ay <—7’) e Y (0, 6) + Z Ar'Yio(6, ¢) + BooYoo (0, ¢)
I

m )e—iwﬂ;tYim(e’qﬁ)

\Ilout(x7 t) = qj?m+ + Xltn,—i— + Xl_m-i-

l,m##o

- C
B ((Emp ) ememty; A DY (0, ¢) — —25(6
+%;sz1 (csr Z T (0,9) , 00(0, ¢)
where
_ 1 2rM~y(1 + vV (Z,0) _ rl 2 M~(1 +v°)Yy (5,0)
@0+ D)k 2 T lei+) 2
B — 2 Mr,y(1 —|—v2)y0>6 (370) o 27T]\47“§7(1+U2)y0*0 (g,O)
CS CS
A = —2rM~(1+ )Yy, (5,0) = —2nM~y(1 4 0?)Yy, (5.0)
" S (10) " Gim (7o)
2rM~(1+v?)Y;: (2,0 2rM~(1+ )Yy (Z,0
Alj;n:_ > l (2 )fljr:n(TO) Cli: > l (2 )gl:Ti:n(To)
wl v h M _p
Jom(ro) = 2% [( lhl(l) ZH) g = (i1 — jl-i—l)] .
0 WU | J1=1 — Ji+1 1
dintr) = i | (2222 W0 = = w2 |

(1) _p1)

(1 2mg) +# (hl 1(12”“)
+ _

Jun(re) = wio | (A0 -nD)

M\ D (Ji—1 = Ji+1) .

3¢S (1)
Qo w?ri hi 2y hz+1
<1 + 2m—§27> + Cs m
1 hy o

+
glm(TO) = - ; ;
hl(l) <ﬁ7«0> witv [(hgl)l . h(1)> o hgl)(ﬂlfl._ﬂl+1>i|

Cs 2M I+1 Ji

To

To
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3.3 Results

We proceed in our analysis by looking at the density wakes formed by perturbers
in the subsonic (M < 0.8), transonic (M ~ 0.8 — 1.3), and supersonic regimes
(M ~ 1.3 —5.0). Note that as we increase the velocity of the perturber, we keep the
nature of the slightly eccentric orbit that we are studying by keeping the precession
frequency, Q,, = €, — (2, constant for all cases. The density profiles presented in

this section are on the orbital plane, 6 = 7.

3.3.1 Solution matching at the orbital radius

Previously, we were able to match the solutions inside and outside the orbital radius
by applying the continuity and jump conditions that we have derived from our wave
equation. Presented in Figure 3.2 is a plot of the density perturbation in a fluid with
speed of sound ¢s = 0.4, over r, in the subsonic (M = 0.5), transonic (M = 1.3), and

supersonic (relativistic) (M = 2.25) regimes.

Wazimuthal (1)

— Subsonic (M=0.5)
— Transonic (M=1.3)

Supersonic (M=2.25)

0.0 0.5 o 15 2.0

Figure 3.1: Plot of W°(r) in the subsonic, transonic, and supersonic regimes, within
the interval r € [0, 2], where r is scaled with respect to r,.

Notice that, for all cases, our implemented jump and continuity conditions hold;
that is, for each plot, the function appears to be continuous at the boundary, and the
derivatives do not agree. This verifies our claim that we have successfully matched
the solutions at the boundary for the main frequency solution.

We can observe that the wavefunction solution for the sidebands is not continuous

at the boundary, and the derivatives do not agree with each other. This confirms that

35



Wazimuthal ()

100

50 \

N
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r —— Transonic (M=1.3)

Supersonic (M=2.25)

Figure 3.2: Plot of xy*(r) in the subsonic, transonic, and supersonic regimes, within
the interval r € [0, 2], where r is scaled with respect to r,.

we have implemented our jump conditions correctly.

3.3.2 Numerical cutoff for contributions over [ modes

Our solution for the density perturbation induced in the fluid involves a sum over [
and m. Numerically summing over [, from 0 to infinity, is impossible but unnecessary,
especially when we expect that the sum should converge to a value that is within our
desired precision over a certain number of [ mode contributions. However, for the
mode sum of a smooth function, it is guaranteed that it will converge exponentially
for all values of z*, which is a general property of the multipole expansion [50]. Thus,
we expect that each [ mode contribution must fall off exponentially.

Shown in Figures 3.3 and 3.4 are discrete plots over each [ mode contribution for
the density perturbation solutions inside and outside the orbital radius, 7,.

We can easily observe the exponential falloff by looking at Figure 3.3a, and verify
this behavior in the logarithmic plot shown in Figure 3.3b. In this study, contributions
of order 10~2 and below are considered as noise; thus, we can consider a mode sum

of only up to 10 [ contributions.
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Figure 3.3: (a) Discrete plot of W, inside the orbital radius, for each [ contribution
and (b) the same plot in logarithmic scale
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Figure 3.4: (a) Discrete plot of ¥; outside the orbital radius, for each I contribution
and (b) the same plot in logarithmic scale

The same logarithmic decay can be observed in Figure 3.4b such that the cutoff

that we have previously imposed still requires at least 10 [ modes.

3.3.3 Behavior of the density wake

It is important to consider in this analysis that we are already looking at the steady-
state behavior of the density wake. This justifies the appearance of a trail for ¢ = 0 in
the temporal evolution of the density profiles. Also, unlike that of Kim & Kim’s [11]
method, we did not proceed in solving for the wave equation in the temporal domain,
rather in the frequency domain. We argue that this is more efficient and does not
need an initial condition to evolve from, which when set may seem unphysical (e.g.

turning on the perturbation at some time ¢, which equivalently means that a massive
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particle suddenly appears from nowhere.) For all the density profiles presented for

each regime, the time ¢ is scaled to Z°.

Subsonic cases (M < 0.8)

Shown in Figure 3.10 are density plots that display the temporal evolution of the
density perturbation induced by a moving perturber, with Mach number M = 0.5,
through a fluid with speed of sound ¢; = 0.4 ¢. We can see, although faint that
the density wake is centered at the perturber for all times, and that it is smoothly
distributed throughout. This implies that the perturber is slow enough just for it
to travel with the density wake that it induces on the fluid. For this case, however,
our visualization seem to correspond to the density profile of a perturber moving at
a subsonic speed along a straight-line like that of Ostriker’s result [13]. This may
imply that the perturber that we are observing is not moving fast enough for its
density wake to bend towards its trajectory like that of Kim & Kim’s hydrodynamic
simulation [14] for the same Mach number. Because of the approximate spherical
symmetry of the wake, we expect that both the radial and azimuthal contributions to
the DF experienced by the perturber would closely agree with that of the straight-line
case for subsonic speeds.

It is possible that this behavior is only a matter of choice in the parameters since
our classification depend on what we set our fluid’s sound speed to be. In Figures
3.5 and 3.11, we have set M = 0.7 to look into a near-transonic case and observe
its density wake. We can see in the figure below that a faint tail that slightly curves
toward the perturber’s trajectory is already visible. Thus, we can say that indeed,
the particle with M = 0.5 is not fast enough to leave a density tail.

Moreover, the wake around the perturber is smoothly distributed, but asymmetric.

This corresponds to an unequal DF effect due to the radial and azimuthal directions.

Transonic case (M ~ 0.8 —1.3)

In the transonic case (Figures 3.12 and 3.13), we can observe a dominant density
trail that is sharply defined compared to its background. Notice that unlike the
density profiles presented by Kim [I4], there is a noticeable set of lesser density trails
that are equally spaced about the trail from the perturber, as seen in Figure 3.6.

Although, compared to the main density trail near the perturber, its magnitude

is subdominant. Another color scaling may be of use in further defining the density
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profile, like a logarithmic scale which was used in [14]. However, for our purposes,
this color scheme is enough for us to identify the density wake induced by the moving
perturber and observe its evolution.

In another case wherein the perturber has a Mach number M = 1.3, whose mag-
nified version is shown above, we can observe that the wake seems to have expanded,
while the Mach cone have engulfed the perturber, creating a higher density pertur-
bation near the perturber. We can infer qualitatively from this density profile, that

the dynamical friction effect would have been greatest in this case.

Supersonic case (M ~ 1.3 —5.0)

We proceed in the same manner as the previous cases, and look into two Mach
numbers, as shown in Figures 3.14 and 3.15, for the same sound speed ¢, = 0.4 ¢,
one of which corresponds to a relativistic speed at 0.9 ¢. For M = 1.8, the Mach
cone seems to have elongated further and the density trail became thicker than in the
transonic case. Shown in Figure 3.8a is a density plot with an inset of a magnified
image of the plot at the position of the perturber, wherein one can see an abrupt
change in the density perturbation around the vicinity of the perturber. The Mach
cone is also visibly wider, while the tail is thicker than in the case when M = 1.8.

From this, one can infer that as we increase the Mach number of the perturber
from unity, the density tail thickens as well. We expect that for a simulation that
incorporates a higher resolution we can see the interaction of the other point (as
pointed by a gray block arrow in Figure 3.8a) at the tip of the Mach cone which we

have unidentified, and the perturber for increasing values of the Mach number.

3.3.4 Sideband contributions

Presented in Figure 3.9 are density plots of the sideband contributions that we have
previously evaluated. One can easily notice that these density plots exhibit the same
behavior as the density plots of each case that they represent. However, the magni-
tudes presented in their color scale signal that the perturbation that we have intro-
duced to the system has a subdominant effect on the physical system that we have

considered.

39



3.3.5 Summary

Through these observations, we confirm that induced density perturbations in the
relativistic regime behave quite similarly to those in the Newtonian regime. Moreover,
we see subdominant density trails that are equally spaced from the density trail behind
the perturber’s trajectory. There are no noticeable density trails other than the one
following the perturber’s trajectory in the subsonic and supersonic regime.

We use the expressions that we obtained in deriving expressions for the metric
perturbations induced in our perturbed flat spacetime background, which, in turn,
serves as a preliminary step to fully solving for the dynamical friction effects for

slightly-eccentric orbits.
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Figure 3.5: Density plot of a perturber moving with Mach number, M = 0.7. The
white block arrow points at the faint density trail formed by a perturber moving at a
near-transonic speed. The magnified inset of the plot at the position of the perturber
reveals a smoothly distributed overdensity around it.
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Figure 3.6: Density plot for a perturber with Mach number M = 0.9. We can already
notice a long density trail, pointed by a white block arrow, following the perturber’s
trajectory, which was already observed in simulations of black hole mergers in gaseous
media by Refs [71, 52, 53]. Lesser density trails (pointed by a black block arrow) are
also visible near the perturber. However, its magnitude decreases as we consider
points farther away from the perturber.
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Figure 3.7: Density plot for a perturber moving at a near-supersonic speed. There
is a visible formation of the Mach cone, likewise curved towards the trajectory, that
engulfs the perturber, thereby increasing the magnitude of the overdensities in the
vicinity, for M = 1.3
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Figure 3.8: (a) The perturber (pointed by a white block arrow) has already overtaken
its Mach cone, thereby creating a shock which is signalled by the abrupt change in
density perturbation around its vicinity. (b) Also, the Mach cone is considerably

wider than that of the transonic case
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Figure 3.9: Density plots of the sideband solutions for (a) subsonic, (b) supersonic,
and (c) supersonic cases. The behavior of the sideband contribution’s density plots are
the same as that of the whole solution; however, one must notice that the magnitudes
in their color scale are much less than that of the presented plots earlier. Therefore,
we can say that the perturbations that we have introduced have a subdominant effect
compared to the main frequency contribution that represents the circular orbit case

(i.e. 0R =0).
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Figure 3.10: Temporal evolution of density perturbations in the subsonic case (M =
0.5). The density wake is smoothly distributed around the perturber for all time slices,
which corresponds to the straight-line case by Ostriker [13] for subsonic speeds. In
all time slices, we define t in units of 7. White circles represent the circular orbit
that the test particle follows.
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Figure 3.11: Temporal evolution of density perturbations in the subsonic case
(M = 0.7). We can already observe a faint density trail behind the trajectory of
the perturber, which curves toward its trajectory. In all time slices, we define t in
units of 72.White circles represent the circular orbit that the test particle follows.
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Figure 3.12: Temporal evolution of density perturbations in the transonic case (M =
0.9). We can already see a density trail with a structure distinct from the ambient
environment of the perturber. Also, lesser density trails are already visible in this
case. White circles represent the circular orbit that the test particle follows.
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Figure 3.13: Temporal evolution of density perturbations in the transonic case
(M = 1.3). The formation of a conic structure (that is, the Mach cone) engulfs
the perturber which might have induced the twofold increase in magnitude compared
to the perturbations in the subsonic case. White circles represent the circular orbit
that the test particle follows.
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Figure 3.14: Temporal evolution of density perturbations in the supersonic case (M =
1.8). In this case, the perturber has already overtaken its Mach cone producing a
shock front that serves as a boundary between the region inside the density trail
behind the perturber and its ambient environment. One can also notice that the
Mach cone is wider than in the transonic case. White circles represent the circular
orbit that the test particle follows.
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Figure 3.15: Temporal evolution of density perturbations in the supersonic case (M =
2.25). Compared to a perturber moving with Mach number M = 1.8, the tail and
Mach cone in this case are wider. White circles represent the circular orbit that the
test particle follows.
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3.4 Metric perturbation gradients

The expression for the metric perturbations induced in the fluid due to presence of the
perturber,y)1d is given by Equation (2.33). We present it again in this subsection
to serve as an easy reference for the proceeding calculations.

(x —x')-0ix

< T Evaana) + Enawr (3.29)

o, t) = ~(p+p) [ T, )

Recall that the metric perturbation consists of a part that does not correspond to
dynamical friction, €,,pr, and the former expression which is induced by the pres-
ence of the overdensities. We rewrite the previous expression in terms of the weight
function W(x', t), to yield

4 M~y (p + p)(1 + v?)
02

a’iwﬁuid@(’ t) = ai¢ﬁuid = [z + EnotDF-

where,

I = M2/d3x’W(x’,t)w X (1 +0 <£)> (3.30)

|x — x'| AJ
which we evaluate for each coordinate. The complete form of the weight function
W(x/',t) is presented in Appendix A. Note that the weight function is composed of
the unperturbed part due to the orbital frequency w?,, W,(x',t), and the perturbation
terms composed of the contributions due to the frequency sidebands, Wy (x';t).

One of our main goals is to develop the d R corrections to the metric perturbation
gradients of Ref [16] for ready use in a future work on the full calculation of DF. Note
that the system has a symmetry in 6, which implies that all contributions due to 6
vanishes completely.

We define x to be the position vector defining the slightly-eccentric trajectory of
the pertuber, such that

x = R(t)cos ®(t)z + Rsin ®(t)y (3.31)
and x’ to be the position vector defining any field point in space,
x' =71"sinf cos 't +r'sin@ sin 'y + 1’ cos 0’2 (3.32)

We proceed by expanding our integral in terms of ) R up to the linear order, for

each coordinate contribution. The magnitude of the separation vector (x — x'),

L (R(£)? 4+ 12 — 2R(t)r cos(®(t) — ¢/) sin @)z

x—x]
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which we expand in dR by substituting Equation (3.2) and Equation (3.3) to the

previous expression, while keeping only terms of linear order in 6 R

x _1 i {(ro + 6Rcos(,t))* + 1"
— 2(ry + 6 R cos(Qt))r' sin @' cos(Qt — ¢ + )} 2
= {7’3 + 26 Rr, cos(Q,t) + 172
— (2r,r'sin @ + 2r'§ Rsin 0’ cos(£2,t))
[cos(Qpt — ¢') cos(a) — sin(Qt — @) sin(a)]}_;
where o = —%—fg—: sin(€2,t). Since o < 1, we can invoke a small angle approximation,

such that cos(a) ~ 1 and sin(«a) = «, giving us

ﬁ = {7’3 + 20 Ry cos(§2,t) + 1
— (2r,r' sin @' + 2r'6 Rsin 0’ cos(Q,t))
[cos(Qt — @) — arsin(Qt — ¢/)]}_é
= {7‘3 + 20 Ry cos(§2,t) + 1
— sin @' (2r,1r" cos(Qot — @) + 21,7’ asin(Qt — ¢')
+ 2r'§ R cos(Q,.t) cos(Qut — (15'))}_5
x _1 sl {rg + 7 = 2r,r" sin @' cos(Qut — @)

+ 20 Rr, cos(Q,t) — sin 0’ [2r,r’ asin(Q,t — ¢')

+ 2r'0 R cos(2,t) cos(Qpt — ¢’)]} (3.33)

D=

which effectively reveals the perturbation in linear order of d R. Since 6 R < 1, we can
apply the binomial approximation (14 x)* &~ (1 + ax), which yields the unperturbed

expression plus contributions due to R,

1

[x — x|

~ 2 41" — 211 sin @ cos(Qut — ¢f)] 72

X(t,r,0,¢)
L sp 3.34
{ r2 4+ 12 — 2r,r' sin 0’ cos(Q,t — ¢') } .
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where
Il - /Qo . . '
X(t,r", 0", ¢") =r,cos(Qt) + sinb'[2r O sin(€2,t) sin(Q,t — ¢')
— 1" cos(,.t) cos(Qt — ¢')] (3.35)

which implies that,
1

. 3
P ~ 12 + 77 — 2r,7 sin @' cos(Qt — ¢')] 2

X(t,1,0,¢)
1—36R >
{ r2 4+ 12 — 2r,r' sin 0’ cos(Q,t — ¢') } (330

We turn our attention to the metric perturbations due to each coordinate, and

attempt to the same expansion in 6 R. The same methods done for the expansion

magnitude of the separation vector are applied for the proceeding calculations.

3.4.1 Metric perturbations in ¢

The projection of the separation vector on the time derivative of the perturber’s
position vector is given by,
(x —x')-Ox = =Q.(0R) sin(Q,t)[R(t) — ' sin 0’ cos(D(t) — ¢')] (3.37)
+ QuR(t)r' sin(0') sin(®(t) — ¢')
We expand this expression by substituting our definitions of R(t) and ®(¢), and
keeping all terms with d R in linear order,
(x —x') - Ox = =Q.(0R) sin(Q,t)[r, + O R cos(Q,t) — r'sin ' cos(Qt — ¢’ + )]
+ Qu(ro + 0R cos(2,:t))r' sin 0 sin(Qut — ¢' + @)
= —Q,(0R) sin(Q,t){r, + 0 R cos(Q,t)—
' sin 0'[cos(Qut — ¢') cos(a) — sin(Qt — ¢') sin(a)] }
+Q, (1 — QfR COS(QJ)) (ro + 0R cos(2,1))
7! sinoe’[sin(Qot — ¢') cos(a) + cos(Qt — ¢') sin(«)]
= —Q,1r,(0R) sin(Q,t)
+ Q,.(6R) sin(Q,t)r' sin ' cos(Qt — ¢')
— Q1" (0R) cos(Q,t) sin 0’ sin(Q,t — ¢')

2

o

+ Q1’1o sin ' sin(Qt — @)

' sin 0’ cos(,t) cos(Qpt — ¢')
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which yields,
(x —x') - Opx = Qur'rysin @ sin(Q,t — ¢')+
I / QT B QQ?) . /
5R{r sin 0 |:<Q—7'> sin(Q,t) cos(Qt — ¢') (3.38)
— Q, cos(§,t) sin(Qt — ¢/)} — Q.7 Sin(Qrt)}

Substituting this expression back to Equation (3.30) gives us an expansion in R due

to the small eccentricity of the orbit,

(x —x') - Ox

[t = M2 / dgl‘/ [WO(X/, t) + 5RW:|:(X/, t)] X (1 + 5Yukawa>

|x — x/|?

Qor'r,sin @' sin(Q,t — ¢')
_ ) d3 , o o o
M [/ o [r2 + 772 — 2r,r sin @' cos(Qt — ¢/)]3/2

Fy(t,r", 0, ¢")
5R d3 , ; t\by ) )
+ / W { [12 4+ 12 — 21,1’ sin 6’ cos(Qut — ¢')]3/2
B Gy(t, 1,0, ¢) }
[12 4+ 772 — 2r,r' sin 0’ cos(Q,t — ¢')]?/2
Qor'r,sin @' sin(Q,t — ¢')
oR [ s’ — :
+ R/ T s cos(Qt — &)

x (1 +0 ()\%)) (3.39)

Q, — 293)

where

Fi(t,r", 6, ¢") =r'sind’ [( sin(Q,t) cos(Q,t — ¢')

r

— Q, cos(2,t) sin(Q,t — ¢’)] — Q,1,sin(Q,1) (3.40)
Gi(t, 1,0, @) = 30,71, sin* @' sin(Qut — ¢ )X (t,77, 0, ¢') (3.41)
We can observe that for the limit when the perturbation parameter 0 R = 0, the

expression simplifies to Barausse’s result [10] in spherical coordinates.

3.4.2 Metric perturbations in r

The same prescription as that for the metric perturbations in ¢ are presented for r
and ¢. Expressing the projection of the separation vector onto the r derivative of the

position vector of the perturber yields,

(x —x) - 9,x = R(t) — r'sin(0) cos(®(t) — ¢)
=r,—r'sin@ cos(Qt — @)

/

+ 0R |cos(Q,t) — 25220 T— sin(€,t) sin 0’ sin(Q,t — ¢') (3.42)
T TO
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Substituting the previous expression to I, yields,

ro — 1’ sin 0’ cos(Q,t — ¢')
(12 + 772 — 27, sin 0 cos(Q,t — ¢)]?/2
F.(t,,0,¢)
SR [ &’ { R
+6R / ¢ [r2 4 772 — 2r,7" sin 0/ cos(Qot — ¢)]3/2

I = M [ / ErW,

_ Gr(ta Tl?gl’ (b/) }
(12 + 72 — 2r,r' sin 0’ cos(Q,t — ¢/)]5/2
— 7' 8in 6’ cos(Q,t — @)
S r, — 1’ sin 0
+ / e [12 4+ 772 — 2r,r' sin 0’ cos(Q,t — ¢')]3/2

(vo(£)) o

where
VYA, 200, . sl /
F.(t,r",0,¢") = cos(Q,t) — — sin(£2,t) sin @' sin(Q,t — ¢') (3.44)
T TO
G, (t,7",0',¢") = 3sinb (r, — r'sin @ cos(Q,t — &) X (¢, 7,6, ¢") (3.45)

3.4.3 Metric perturbations in ¢

Lastly, we deal with the metric perturbations in ¢ in the same way as we did for the
previous cases. Expanding the projection of the separation vector onto the angular

derivative of the perturber’s position vector yields.

(x —X') - Ogx = ror’ sin @' sin(Q,t — ¢')

+ OR|r' sin @ cos(Q,t) sin(Qpt — ¢')

+ 2%7“/ sin 0’ sin(Q,.t) cos(Qut — gzﬁ/)] (3.46)

We expand I, in 0 R while keeping all terms in linear order and obtain,

ror’ sin 0’ sin(Qut — ¢')
(12 4+ 72 — 21,1’ sin 0’ cos(Qut — ¢')]3/2

Iy = /\/l?[/d?’x'Wo

Fy(t,r',0',¢")
SR | d’z'W, P
+ R/ W { [12 + 772 — 21,1 sin 0 cos(Q,t — ¢)]3/2
_ Go(t,r', 0, &) }
(12 4+ 172 — 21, sin 0’ cos(Qut — ¢')]5/2
ror' sin ' sin(€,t — ¢')
0R [ d*z'
+ / Wy [12 + 12 — 2r,r' sin @' cos(Qut — ¢')]3/2

x <1 +0 (%)) (3.47)
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where

Fy(t,r',0',¢") = r'sin @' cos(Q,t) sin(Qt — ¢')
Q
+ 2Q—OT’ sin 6’ sin(Q,t) cos(Qpt — ¢') (3.48)

T

Gy(t, 7,0, ¢') = 3r,r'sin® @ sin(Qt — &) X (t, 7,6, ¢) (3.49)

3.4.4 Some remarks

The expressions for the metric perturbations that we have derived can be used to

compute the perturbed four-acceleration [18] to linear order,
2~
d“ _ d m;;ert
pert d7'2
1 174 v
= _5(77M + ugertupert)(QégV)vp - 5g>\PyV)u)\up + O(MQ) (350)

Further, by projecting the perturbed four-force F:ert = May,,,, onto a comoving tetrad
along the trajectory of the orbit, one can obtain the change in three-momentum of the
particle in the rest frame, which corresponds to the dynamical friction experienced
by the particle. We leave the evaluation of these terms for future work as it is not

within the scope of the study.
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Chapter 4

Generalization and future work

We have pursued an analytic approach in studying the density wake induced by a
perturber moving along a slightly-eccentric orbit immersed in a tenuous fluid in flat
spacetime. This work is a precursor to the slightly-eccentric extension of the study of
relativistic dynamical friction effects by Barausse. The density perturbation induced
by a slightly-eccentric orbit appears to deviate from its circular orbit counterpart only
in the transonic case (M ~ 0.8 — 1.3), where equally spaced density trails manifest,
but decreases in magnitude as we consider points farther from the perturber. This
can be attributed to the perturbation (perihelion frequency, €2,) introduced on the
radial component of the orbit. However, this effect is not observed for both subsonic
(M < 0.8) and supersonic (M ~ 1.3 — 5.0) cases.

Extending our formulation to the eccentric case will shed more light on the possible
effect of gaseous environments on the evolution of EMRIs. Further, by considering
a spacetime with a central singularity (e.g. Schwarzschild, Kerr), like in Ref [12],
for the same slightly-eccentric formulation, we can resolve the previously discussed
inconsistency of the flat spacetime approximation that we have applied. In this study,
we have only considered a static fluid of constant energy density and pressure in all
space. Using a more realistic case, such as EMRIs surrounded by a rotating accretion
disk, can be an interesting case to look at in the future. One can also use a post-
Newtonian metric instead of just flat spacetime. Also, introducing a uniform large-
scale magnetic field into the spacetime can bring about interesting physics, as in Ref
[54].

This attempt to extend the formulation of dynamical friction to the eccentric case
also has an important role in probing the environment of EMRIs in highly dense

environments. Coupling this extension to a nonlinear perturbation analysis can give

o8



us a model for the evolution of very massive double perturbers (ie. merger of an
intermediate-mass black hole and a supermassive black hole) in gaseous environments

which was done in the Newtonian formulation by Refs [19, 53].
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Appendix A

Weight function, W(2/,t)

We were able to analytically solve for the density perturbation over all space by
employing a spherical decomposition on the source, and a separation of variables for

the wave equation. The form of the solution inside and outside the orbital radius r,

is given by,
5
000 = 22D Wi Y60 (A1)
where w = {w®,wE} and [ =0,....,n,m = —I,..., .
In order to follow the analysis by Barausse [16], we manipulate the expression

that we were able to obtain by factoring out some constant terms, and finally derive

a weight function W(a', t) that is faithful to the prescription by Ref [10] and [11].

A.1 Solution inside the orbital radius

The solution inside the orbital radius has the form,

m X t Z Alm]l (

ly,m##o

+ ZAlmjl ( = ) e_iw;;tyim(a ¢)

. wm — W
+> A ( . r) e Y (6, ¢)
lym s

) e “mly; . (0, ¢)

+ Z Air'Yio(6, ¢) + BooYoo (6, ) (A.2)
!
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where the coefficients are given in Chapter 3. We massage these coefficients for us to

obtain the following

Y (3.0)
Jim
= _FAlm

Aty = =%, (5,0) fis ) (A1)
= -TAF,

Yig (5:0)

20+ 1)rf
=TA

™

By = —T'¥; (5.0) (A.6)

= T'Boo

Ay =T

A=

where
2m M~y (1 + v?)

I'= =2
S

This gives us our solution in terms of the weight function W(x,t),

U, (x,t) = TWin(x, 1)

A.2 Solution outside the orbital radius

Outside the orbital radius, the solution for the density perturbation is given by

out X t Z C1lm < ) e—iwfnt}/lm(g7¢)
l,m=#£o Cs

ey (2) e

Z(J hV ( m

—- ; A DY, ¢) — = “Yoo(0, 0) (A7)

) 1Y (0, 6)
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which, in the same manner, we recast into the following form,

i ()
Cimn=A

Im
n ()

- . (A.8)
hz( ) i?r)
()
Ju\ e
Ci = A7,
m ™y (1) (@5 )
1 o |
. T
, (2
— TAE (A.9)
(1) <Wm,r-)
l Cs
Dl = AlT‘(()QlJrl) = FAZ (AlO)
OOO = _BOOTO = —F/BO()’I“O (A]_l)

where

r— 4 My (1 +v?) 7,

2
s

and give us the solution outside the orbital radius in terms of the weight function

Wout )

C

\I;out(x7 t) = FWout(Xu t)
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